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SHADOWING FOR CODIMENSION ONE
SECTIONAL-ANOSOV FLOWS
ARBIETO, A., LO´PEZ, A.M., SA´NCHEZ, Y.
Abstract. In hyperbolic dynamics, a well-known result is that
every hyperbolic attracting set, have a finete pseudo-orbit tracing
property (FPOTP). It’s natural to wonder if this result is
maintained in the sectional-hyperbolic dynamics; Komuro in
[11], provides a negative answer for this question, proving that
the geometric Lorenz Attractor doesn’t have a FPOTP. In this
paper, we generalized the result of Komuro, we prove that every
codimension one sectional-hyperbolic attractor set with a unique
singularity Lorenz-like, which is of boundary-type, does not have
FPOTP.
1. Introduction
In the dynamic hyperbolic theory, we have Anosov diffeomorphisms
have the shadowing property or pseudo-orbit tracing property (POTP)
and furthermore that any pseudo-orbit has a unique point shadowing
it. Thus, the shadowing property turn very useful, where this one
subsequently appears in several hyperbolic systems, Markov partitions,
symbolic dynamic between others.[referencia clarck robinson]. On the
other hand, the Anosov flows also satisfy the shadowing property.
In Komuro, variations of shadowing appeared in the literature
driven by different approaches in itself, where he finds some relations
between them, to solve the property existence and using it.
The sectional-hyperbolic sets are a more general class than
hyperbolic sets, since they include these and other non-hyperbolic sets
as the geometric Lorenz attractor. Therefore, it is relevant to study
which properties valid for hyperbolic sets are also satisfied by the
sectional-hyperbolic sets.
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Recently in [16], it proved that every chain transitive sectional-
hyperbolic set with singularities does not have WPOTP.
Below we will specify the definitions and results over sectional-
hyperbolic dynamics that we will use in this paper.
Hereafter M will be a compact manifold possibly with nonempty
boundary endowed with a Riemannian metric 〈·, ·〉 an induced norm
|| · ||. Given X a C1 vector field, inwardly transverse to the boundary
(if nonempty) we call Xt its induced flow over M . Define the maximal
invariant set of X as:
M(X) =
⋂
t≥0
Xt(M).
The orbit of a point p ∈ M(X) is defined by O(p) = {Xt(p) | t ∈ R}.
A singularity will be a zero q of X , i.e. X(q) = 0 (or equivalently
O(q) = {q}) and a periodic orbit is an orbit O(p) such that XT (p) = p
for some minimal T > 0 and O(p) 6= {p}. By a closed orbit we mean a
singularity or a periodic orbit.
Given p ∈ M we define the omega-limit set, ωX(p) = {x ∈ M | x =
limn→∞Xtn(p) for some sequence tn → ∞}, if p ∈ M(X), define the
alpha-limit set αX(p) = {x ∈ M : x = limn→∞X−tn(p), for some
sequence tn →∞}.
A compact subset Λ of M is called invariant if Xt(Λ) = Λ for all
t ∈ R; transitive if Λ = ωX(p) for some p ∈ Λ. A compact invariant set
Λ is attracting if there is a neighborhood U such that
Λ = ∩t≥0Xt(U),
and is attractor of X , if is an attracting set Λ which is transitive. On
the other hand, a compact invariant set Λ is Lyapunov stable, if for
all neighborhood U of Λ, there exists a neighborhood W such that:
Xt(p) ∈ U for every t ≥ 0 and p ∈ W .
1.1. Hyperbolic and Sectional-hyperbolic sets.
Definition 1. A compact invariant set Λ ⊆ M(X) is hyperbolic
if there are positive constants K, λand a continuous DXt-invariant
splitting of the tangent bundle TΛM = E
s
Λ ⊕ E
X
Λ ⊕ E
u
Λ, such that for
every x ∈ Λ and t ≥ 0:
(1) ‖DXt(x)vsx‖ ≤ Ke
−λt‖vsx‖, ∀v
s
x ∈ E
s
x;
(2) ‖DXt(x)v
u
x‖ ≥ K
−1eλt‖vux‖, ∀v
u
x ∈ E
u
x ;
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(3) EXx = 〈X(x)〉.
If Esx 6= 0 and E
u
x 6= 0 for all x ∈ Λ we will say that Λ is a saddle-type
hyperbolic set. A closed orbit is hyperbolic, if as a compact invariant
set of X is hyperbolic. We will say that a regular point p is hyperbolic
if ω(p) ∪ O(P ) ∪ α(p) is a hyperbolic set.
The invariant manifold theory [7] asserts that ifH ⊆M is hyperbolic
set of X and p ∈ H , then the topological sets:
W ss(p) = {q ∈M : lim
t→∞
d(Xt(q), Xt(p)) = 0}
and
W uu(p) = {q ∈ M(X) : lim
t→−∞
d(Xt(q), Xt(p)) = 0}
are C1 manifolds in M , so called strong stable and unstable manifolds,
tangent at p to the subbundles Esp and E
u
p respectively. Saturating
them with the flow we obtain the stable and unstable manifolds W s(p)
and W u(p) respectively, which are invariant. If p, p′ ∈ H , we have that
W ss(p) and W ss(p′) are the same or they are disjoint (similarly for
W uu).
Definition 2. A compact invariant set Λ ⊆ M(X) is sectional-
hyperbolic if every singularity in Λ is hyperbolic (as invariant set) and
there are a continuous DXt-invariant splitting of the tangent bundle
TΛM = F
s
Λ⊕F
c
Λ, and positive constants K, λ such that for every x ∈ Λ
and t ≥ 0:
(1) ‖DXt(x)vsx‖ ≤ Ke
−λt‖vsx‖, ∀v
s
x ∈ F
s
x.
(2) ‖DXt(x)vsx‖·‖v
c
x‖ ≤ Ke
−λt‖DXt(x)vcx‖·‖v
s
x‖, ∀v
s
x ∈ F
s
x, ∀v
c
x ∈
F
c
x.
(3) ‖DXt(x)ucx, DXt(x)v
c
x‖Xt(x) ≥ K
−1eλt‖ucx, v
c
x‖x, ∀u
c
x, v
c
x ∈ F
c
x.
Where ||·, ·||x it is induced 2-norm by the Riemannian metrics
〈·, ·〉x of TxΛ, given by
||vx, ux||x =
√
〈vx, vx〉x · 〈ux, ux〉x − 〈vx, ux〉2x
for all x ∈ Λ and every ux, vx ∈ TxΛ .
The third condition guarantees the increase exponential of the area
of parallelograms in the central subbundle Fc. Since X(x) ∈ Fcx for all
x ∈ Λ (see Lemma 4 in [2]), we will require that the dimension of the
central subbundle must be greater than or equal to 2. In the particular
case where the dim(Fcx) = 2 we will say that Λ is a sectional-hyperbolic
set of codimension 1 or codimension one sectional-hyperbolic set.
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Also the invariant manifold theory [7] asserts that through any point
x of a sectional-hyperbolic set Λ it passes a strong stable manifold
F ss(x), tangent at x to the subbundle Fsx, which induces a foliation
over a neighborhood of Λ, that we will call UΛ. Saturating them with
the flow we obtain the invariant manifold F s(x).
Unlike hyperbolic sets, the sectional-hyperbolic sets can have regular
orbits which accumulate singularities. We have:
Lemma 1. If Λ ⊆ M(X) is sectional-hyperbolic set, and σ is a
singularity in Λ then:
F ss(σ) ∩ Λ = {σ}
Proof. See corollary 2 in [2]. 
Every singularity σ in an sectional-hyperbolic set, is hyperbolic,
so it’s invariant manifolds by the hyperbolic structure, W uu(σ) and
W ss(σ) are well defined. The strong stable manifold by the sectional-
hyperbolic structure F ss(σ), is a submanifold of W ss(σ), with respect
to your dimension, exists two possibilities:
(1) dim(W ss(σ)) = dim(F ss(σ)), in this case W ss(σ) = F ss(σ).
(2) dim(W ss(σ)) = dim(F ss(σ)) + 1, in this case, we say that the
singularity is Lorenz-like.
Every Lorenz-like singularity σ, is type-saddle hyperbolic set with
at least two negative eigenvalues, one of which is real eigenvalue λσ
with multiplicity one such that the real part of the other eigenvalues
are outside the closed interval [λσ,−λσ].
We have that a cross section Σ ⊂ UΛ is associated to a Lorenz-like
singularity σ in a sectional-hyperbolic set Λ, if Σ is very close to σ,
Σ intersect one of the stable regular orbits of σ associated with the
eigenvalue λσ and ∂
hΣ ∩ Λ = ∅, [14], [12]. We denote by l∗Σ the leaf of
Σ that contains the intersection point.
Let Λ be a sectional-hyperbolic set, σ ∈ Λ a singularity Lorenz-like,
a singular cross section associated to σ, consists of a pair of cross
sections Σt and Σb, associated to σ such that Σt intersects one of the
stable regular orbits of σ associated with the eigenvalue λσ and Σb
intersects the other stable regular orbit.
Over a Lorenz-like singularity σ ∈ Λ, we have F ss(σ) is tangent to
the subspace associated the eigenvalues with real part less than λσ, and
F ss(σ) divide to W ss(σ) in two connected components. If Λ intersect
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just one the stable regular orbits of σ associated with the eigenvalue
λσ.
Corollary 1. Every point of an attractor sectional-hyperbolic set Λ
of codimension 1 with a unique singularity Lorenz-like which is of
boundary type, can be approximated by points in Λ for which the omega-
limit set is a singularity.
Proof. See [15]. 
Another important result about the sectional-hyperbolic set, is
the hyperbolic lemma (see Lemma 9 in [2]), which asserts that
any invariant compact subset H without singularities of a sectional-
hyperbolic set Λ, is hyperbolic. In this case, we have that FsH = E
s
H
and FcH = E
u
H ⊕E
X
H , so W
ss(p) = F ss(p) for all p ∈ H .
1.2. Shadowing property. Before starting to study the shadowing
property, it is necessary to mention that there are several versions in the
literature of the definition of shadowing, in this paper we will present
the version of Komuro [10], but we modify the definition for the context
in that we work; in addition, Komuro present five type of shadowing.
Definition 3. Let H ⊆M be a compact invariant set, given δ, T > 0 a
collection {xi; ti}k0, with xi ∈ H ti ≥ T and k ∈ Z
+, is called a finite
(δ, T )-chain of H, if d(Xti(xi), xi+1) ≤ δ for every 0 ≤ i ≤ k − 1. For
each t ∈ [0,
∑k
i=0 ti] we denote:
x0 ∗ t = Xt−Si(xi)
if Si ≤ t < Si+1 for some 0 ≤ i ≤ k where
Si =
{
0 if i = 0∑i−1
j=0 tj if 0 < i ≤ k + 1
Definition 4. Let H ⊆ M be a compact invariant set, given δ, T > 0
a collection {xi; ti}Z, with xi ∈ X and ti ≥ T is called a (δ, T )-chain
of H, if d(Xti(xi), xi+1) ≤ δ for every i ∈ Z. For each t ∈ R we define
x0 ∗ t = ϕt−Si(xi)
if Si ≤ t < Si+1 where
Si =


0 if i = 0∑i−1
j=0 tj if i > 0
−
(∑−i
j=1 t−j
)
if i < 0
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We consider the following three sets of the reparametrizations:
Rep = {g ∈ C(R) : g is a strictly increasing with g(0) = 0}
Rep∗ = {g ∈ Rep : g(R) = R}
Rep(ǫ) =
{
g ∈ Rep∗ :
∣∣∣∣g(s)− g(t)s− t − 1
∣∣∣∣ ≤ ǫ for every s, t ∈ R
}
Using this sets , we define the concept of ǫ-traced.
Definition 5. Let H ⊆ M be a compact invariant set. A (δ, T )-chain
{xi; ti}i∈Z of H is said to be weakly ǫ-traced (resp. normal
ǫ-traced or strongly ǫ-traced) by a point x ∈ H if there is a
reparametrization g ∈ Rep (resp. g ∈ Rep∗ or g ∈ Rep(ǫ) ) such
that d(x0 ∗ t, Xg(t)(x)) ≤ ǫ for every t ∈ R.
Definition 6. Let H ⊆M be a compact invariant set. A finite (δ, T )-
chain {xi; ti}k0 of H is said to be weakly ǫ-traced (resp. normal
ǫ-traced or strongly ǫ-traced) by a point x ∈ H if there is a
reparametrization g ∈ Rep (resp. g ∈ Rep∗ or g ∈ Rep(ǫ)) such that
d(x0 ∗ t, Xg(t)(x)) ≤ ǫ for every t ∈ R.
Finally we establish the definition of the shadowing of Komuro, but
we call (·) P.O.T.P (pseudo orbit traced property).
Definition 7. Let H ⊆M be a compact invariant set. H has the weak
POTP (resp. the normal POTP or the strong POTP) if for any
ǫ > 0 there are δ, T > 0 such that every (δ, T )-chain of H can be weakly
ǫ-traced (resp. normal ǫ-traced or strongly ǫ-traced) by some point of
X. In this case we say that H have WPOTP (resp. NPOTP or
SPOTP).
Definition 8. Let H ⊆ M be a compact invariant set. H has the finite
POTP (resp. the strong finite POTP) if for any ǫ > 0 there are
δ, T > 0 such that every finite (δ, T )-chain of H can be weakly ǫ-traced
(resp. strongly ǫ-traced) by some point of X. In this case we say that
H have FPOTP (resp. SFPOTP).
Note that we do not define normal finite POTP, this is because in
the case of finite (δ, T )-chains, the fact that a reparametrization is or
not surjective does not produce any change, that is, that normal finite
POTP is the same that FPOTP.
The next Theorem establish the relation between the five definitions
of POTP.
SHADOWING FOR CODIMENSION ONE SECTIONAL-ANOSOV FLOWS 7
Theorem 1. Let H a compact invariant set of X, then following
relations holds:
SPOTP ⇒ NPOTP ⇒ WPOTP
m ⇓
SFPOTP =⇒ FPOTP
Proof. See Theorem 7 in [10] 
In addition, we also have that:
Theorem 2. Let H a nonsingular compact invariant set of X, then
following relations holds:
SPOTP ⇔ NPOTP ⇔WPOTP ⇔ SFPOTP ⇔ FPOTP
Proof. See Theorem 4 in [10] 
As a consequence, every hyperbolic attracting set has POTP in any
its of five versions. Note that a singularity satisfies definitions trivially
as compact invariant set.
As we mentioned, in [16] was proved that if Λ is a sectional-
hyperbolic chain transitive set with WPOTP, then it admits no
singularity.
We observe that if an invariant compact set does not have FPOTP,
then it does not have any of the shadowing definitions presented in
this section. This, together with the following Lemma, will be the
tools that we will use in the next section, to prove that some kind
attractor sectional-hyperbolic sets doesn’t have shadowing.
Lemma 2. Let H a compact invariant set of X. The following
statements are equivalent:
(1) H has FPOTP (resp. SFPOTP),
(2) for every ǫ > 0 and T > 0 there is δ > 0 such that every finite
(δ, T )-chain is weakly ǫ-traced (Resp. strong ǫ-traced).
Proof. See Lemma 3.2 in [10] 
As the main result of this paper, we prove the following Theorem:
Theorem 3. If Λ is a codimension one sectional-hyperbolic attractor
set with a unique singularity Lorenz-like, which is of boundary-type,
then Λ does not have FPOTP.
Corollary 2. If Λ is a codimension one sectional-hyperbolic attractor
set with a unique singularity Lorenz-like, which is of boundary-type,
then Λ does not have shadowing.
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2. Side Points
In the case of the sectional-hyperbolic set of codimension 1, over any
regular point in it, the local stable manifold divides the neighborhoods
of the point, in two connected components, we will use this, to we
define a side point and study the shadowing property (specifically
FPOTP) in sectional-hyperbolic sets.
Given x ∈ Λ a sectional-hyperbolic set, we denote F sǫ (x) the
connected component of Bǫ(x) ∩ F s(x) that contains x, where Bǫ(x)
denote the ball of the radius ǫ centered in x.
Definition 9. Let Λ a sectional hyperbolic set of codimension 1, we say
that x ∈ Λ∗ is a side point, if there exists ǫ > 0 such that Λ intersects
only one of the connected components of Bǫ(x)\F sǫ (x), and we say that
y ∈ Λ∗ is a bi-side point, if for all ǫ > 0, Λ intersects booth connected
components of Bǫ(x) \ F sǫ (x).
We can observe that there is a case that we did not mention in the
previous definition, when Λ does not intersect any of the connected
components of Bǫ(x) \ F sǫ (x); although it is not so common, it can
happen. The figure 1 in [4] shows a sectional-hyperbolic set, composed
by two singularities, one Lorenz-like and other not Lorenz-like, and
a heteroclinical orbit between them; where, the regular points are
neither side or bi-side. This example is interesting, due to is also an
example of a sectional-hyperbolic set has FPOTP.
Now, we denote:
Sd(Λ) = {x ∈ Λ : x is a side point}
and
2-Sd(Λ) = {x ∈ Λ : x is a bi-side point}
Lemma 3. Let Λ a sectional hyperbolic Lyapunov stable set of
codimension 1, then every hyperbolic point, is in 2-Sd(Λ)
Proof. It is sufficient observing that W uu(p) is composed of two
unstable branches, each of them, in a different component of the Bǫ(x)\
F sǫ , and since Λ is Lyapunov stable set contains these branches. 
Note that the continuous dependence of flow, guaranteed that,
2-Sd(Λ) is positively invariant, but we can’t claim the same for
Sd(Λ) in general, we prove that is true in for some attractor sets with
FPOTP, for this we introduce the following definitions and denotations.
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If x ∈ Sd(Λ) we denote by B+ǫ (x) the connected component of
Bǫx(x) \ F
s
ǫx
(x) that intersect Λ and B−ǫ (x) the other component.
Given σ a Lorenz-like singularity in Λ a sectional-hyperbolic set of
codimension 1 and R′σ = {Σt,Σb} a singular cross section associated
with σ, of the time TR. We have that σ divides to W
uu(σ) in two
connected components that we call W l and W r. Something similar
happens with l∗Σb that divides Σb, and l
∗
Σt that divides Σt; we denote
these connected components with {l, r} of corresponding way, that is,
Σlb is the component of Σb that when leaving Σb begins to accumulate
W l, and Σrb is the component of Σb that when leaving Σb begins to
accumulate W r [3],[13]. In the same a way, we denote Σlt and Σ
r
t .
We denote Rlσ = Σ
l
b ∪Σ
l
t and R
r
σ = Σ
r
b ∪Σ
r
t . Given δ > 0 we denote
V lδ (l
∗
Rσ
) = Vδ(l
∗
Rσ
) ∩ Rlσ and V
r
δ (l
∗
Rσ
) = Vδ(l
∗
Rσ
) ∩ Rrσ, where Vδ(l
∗
Rσ
) is
a subset of Rσ such that x ∈ Vδ(l∗Rσ) if only if there is y ∈ l
∗
Rσ
with
d(x, y) < δ and the leaf of Rσ that contains x is contained in Vδ(l∗Rσ).
Let γ > 0 we define:
W lγ = {x ∈ W
l : O−(x) ⊆ Bγ(σ)} and W
r
γ = {x ∈ W
r : O−(x) ⊆ Bγ(σ)}
Since σ is hyperbolic, by Hartman-Grobman Theorem, there exists
βσ > 0 small enough such that W
r
2βσ
and W l2βσ are open curves (σ, y
r
σ)
and (σ, ylσ) respectively of size 2βσ, with y
r
σ ∈ W
r and ylσ ∈ W
l,
satisfying:
Bβσ(y
⋆
σ) ∩ O
+(l∗R) = ∅ and Bβσ(y
⋆
σ) ∩R = ∅.(1)
whit ⋆ ∈ {l, r}. Now, using the continuity of the flow, we can choose
ǫσ > 0 and Tσ such that:
(2) X(0,Tσ)(x) ∩Bβσ(y
l
σ) 6= ∅ and X(0,Tσ)(x) ∩ Bβσ(y
r
σ) = ∅
for all x ∈ X[−TR,TR](V
l
ǫσ
(l∗R)); and
(3) X(0,Tσ)(x) ∩Bβσ(y
r
σ) 6= ∅ and X(0,Tσ)(x) ∩ Bβσ(y
l
σ) = ∅
for all x ∈ X[−TR,TR](V
r
ǫσ
(l∗R)).
Theorem 4. Let Λ a codimension one sectional hyperbolic Lyapunov
stable set. If p ∈ Sd(Σ)) then ω(p) not is a closed orbit.
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Proof. Suppose that there is p ∈ Sd(Λ) such that ω(p) = {σ}, with
σ ∈ Sing(X) ∩ Λ. We choose R a cross section associated with σ of
the time TR, such that the positive orbit of q intersect to R in l
∗
R.
Since Λ is a Lyapunov stable W uu(σ) ⊆ Λ. We choose γ > 0 such
that X[−TR,TR](R) ⊆ Bγ(R). On the other hand, we have that there
exists Tp > 0 such that XTp(p) ∈ l
∗
R.
We define:
4ǫ = min {ǫp, γ, ǫσ, βσ} ,
and
2T = min {Tp, Tσ} .
By hypothesis Λ has FPOTP, so using the Lemma 2, by ǫ and T
there is δ > 0 such that every finite (δ, T )-chain is ǫ-traced, without
loss of generality, we can assume that δ < ǫ
2
.
We will build a (δ, T )-chain as follows.
We consider x0 = p, by the tubular flow Theorem
XTp(B
+
ǫ (p)) intersect continuously only one of the components
of Bǫ(XTp(p)) \ F
s
ǫ (XTp(p)) that we call B
∗
ǫ (XTp(p)), without loss of
generality, we can assume that this component intersect V rǫ (l
∗
R) but
not V lǫ (l
∗
R).
We take t0 > T such that Xt0(x0) ∈ B δ
2
(σ), and finally, we choose
x1 ∈ W lβσ ∩B δ
2
(σ) and t1 > T such that Xt1(x1) = y
l
σ.
We have that {xi, ti}10 is a finite (δ, T )-chain then exists z ∈ Λ y
g ∈ Rep such that
d(x0 ∗ t, Xg(t)(z)) < ǫ, for every t ∈ [0, t0 + t1]
Taking t = 0 we have that: z ∈ Bǫ(p), so z ∈ F
s
ǫ (p) or z ∈ B
+
ǫ (p),
but if z ∈ F sǫ (p), then taking t = t0 + t1, we have that Xg(t0+t1)(z) ∈
Bβσ(y
l
σ) ∩O
+(l∗R) and this is a contradiction of 1. Therefore,
z ∈ B+ǫ (p)(4)
Now, taking t = Tp, we have that Xg(Tp) ∈ Bǫ(XTp(p)), since the flow
is injective, X[0,g(Tp)](z) can not intersect to X[0,Tp](F
ss(p)) ∪ F sǫ (p) ∪
F sǫ (XTp(p)), so by 4:
Xg(Tp)(z) ∈ B
∗
ǫ (XTp(p))
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Now, since B∗ǫ (XTp(p)), intersect V
r
ǫ (l
∗
Rσ
) but not V lǫ (l
∗
Rσ
), ǫ < ǫσ and
ǫ < γ, we have that:
Xg(Tp)(z) ∈ X[−TR,TR](V
r
ǫ (l
∗
R))
so by 3
X(0,Tσ)(Xg(Tp)(z))) ∩ Bβσ(y
r
σ) 6= ∅, X(0,Tσ)(Xg(Tp)(z))) ∩Bβσ(y
l
σ) = ∅
(5)
On the other hand, taking t = t0 + t1, Xg(t0+t1)(z) ∈ Bǫ(y
l
σ), and since
βσ > ǫ, by 5:
g(t0 + t1) > Tσ + g(Tp)
so for every r ∈ [0, Tσ] we have that g
−1(r + g(Tp)) is well defined.
Therefore by 5, there is T ∈ (0, Tσ), such that:
Xg(g−1(T+g(Tp))(z) = XT+g(Tp)(z) ∈ Bǫσ(y
r
σ).
with Tp < g
−1(T + g(Tp)) < t0 + t1, then
d(Xg(g−1(T+g(Tp))(z), x ∗ (Tp + T )) < ǫ <
βσ
4
so
d(yrσ, x ∗ (Tp + T )) <
3βσ
4
we know that
x ∗ (Tp + T ) ∈ O
+(l∗σ) ∪ (σ, y
l
σ)
but by definition of (σ, yrσ), (σ, y
l
σ) and 1
(O+(l∗σ) ∪ (σ, y
l
σ)) ∩ Bβσ(y
r
σ) = ∅.
This is a contradiction and this case of theorem follows.
The proof in the case that ω(p) = O(q) with q a periodic point,
is analogous to the previous case, due to, it has similar conditions,
such as, the existence and dimension of the strong unstable manifold
by the hyperbolic structure, and linearized local behavior. Since p is
a side point, when accumulates O(q) the points in B+ǫ (p) only can
approximate just one of the branches of W uu(q) without intersect
F s(q) = F s(p), so a (δ, T )-chain building with the orbit of p and the
branch of the stronger unstable manifold that is not accumulated, does
not cant shadowed; and we obtain the result. 
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3. Proof of the Main Theorem
Theorem 5. Let Λ a codimension one transitive sectional hyperbolic
Lyapunov stable set, such that every point in Λ can be approximated
by points of Λ for which the omega limit set is a singularity. If Λ has
FPOTP, then Xt(Sd(Σ)) ⊆ Sd(Σ) for all t ≥ 0 and
 ⋃
p∈Sd(Λ)
F ss(p)

 ∩

 ⋃
q∈2-Sd(Λ)
F ss(q)

 = ∅
Proof. First we prove that Sd(Λ) is a invariat set.
If Λ has no singularities, then by hyperbolic Lemma is hyperbolic
set and by Lemma 3, Sd(Λ) = ∅ and the result is trivially.
We assume that Λ has a singularities. we have that W u(σ) ⊆ Λ for
all σ ∈ Sing(X) ∩ Λ, due to, Λ is Lyapunov stable.
Suppose that exists p ∈ Sd(Λ) and t > 0 such that Xt(p) /∈ Sd(Λ).
Since p ∈ Sd(Σ), then exists ǫp > 0 such that B−ǫp(p) ∩ Λ = ∅. By
Theorem 4, p 6= {σ} for all σ ∈ Sing(x).
We consider for every singularity σ ∈ Λ, R′σ a singular cross section
associated with σ far enough from p, we take R =
⋃
σ∈Sing(X)∩ΛRσ; if
R is the time TR, we choose γ > 0 such that X[−TR,TR](R) ⊆ Bγ(R).
We define:
4ǫ = min

{ǫp, γ} ∪

 ⋃
σ∈Sing(x)∩Λ
{ǫσ, βσ}



 ,
and
2T = min

 ⋃
σ∈Sing(x)∩Λ
{Tσ}

 .
By hypothesis Λ has FPOTP, so using the Lemma 2 by ǫ and T
there is δ > 0 such that every finite (δ, T )-chain is ǫ-traced, without
loss of generality, we can assume that δ < ǫ
2
.
We will build a (δ, T )-chain as follows.
We consider x0 = p. Since, p /∈ W s(Sing(X) and there exists t > 0
with Xt(p) ∈ 2-Sd(Σ) and this set is positively invariant, then there
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is Tp > T such that q = XTp(p) ∈ 2-Sd(Λ) \ Bǫp(p) and q far enough
R, we choose t0 = Tp > T . By the tubular flow Theorem Xt0(B
+
ǫ (p))
intersect continuously only one of the components of Bǫ(q) \ F sǫ (q)
that we call B∗ǫ (q).
Since that q ∈ 2-Sd(Λ) by hypothesis, we have that in both
connected component of Bǫ(q) \ F sǫ (q) exits points in Λ for which the
omega limit is a singularity, choose x1 one of these points such that
x1 /∈ B∗ǫ (q) and x1 ∈ Bδ(q). We call B
∗
ǫ (x1) the connected componet
of Bǫ(x1) \ F sǫ (x) that contained q.
On the other hand, as ω(x1) = {σ} for some σ ∈ Λ ∩ Sing(X), and
q is far from R, there exists s > 0 such that Xs(x1) ∈ l∗Rσ . Using again
the tubular flowh Theorem, Xs(B
∗
ǫ (x1)) intersect continuously only
one of the components of Bǫ(Xs(x1))\F sǫ (Xs(x1)), we call B
∗
ǫ (Xs(x1)),
without loss of generality, we can assume that this component intersect
V rǫ (l
∗
Rσ
) but not V lǫ (l
∗
Rσ
).
We take t1 > T such that Xt1(x1) ∈ B δ
2
(σ), and finally, we choose
x2 ∈ W rβσ ∩B δ
2
(σ) and t2 > T such that Xt2(x2) = y
l
σ.
We have that {xi, ti}20 is a finite (δ, T )-chain then exists z ∈ Λ y
g ∈ Rep such that
d(x0 ∗ t, Xg(t)(z)) < ǫ, for every t ∈ [0, t0 + t1 + t2]
Next we will track the places through which the orbit of z can pass.
Taking t = 0 we have that: z ∈ Bǫ(p), so
z ∈ F sǫ (p) or z ∈ B
+
ǫ (p)(6)
Taking t = t0, we have that Xg(t0) ∈ Bǫ(q), since that the flow
is injective, X[0,g(t0)](z) can not intersect of a transverse way to
X[0,t0](F
ss(p))∪F sǫ (p)∪F
s
ǫ (q), then by 6Xg(t0)(z) ∈ F
s
ǫ (q) orXg(t0)(z) ∈
B+ǫ (q) and as X1 is in the connecte component of Bǫ(q)\F
s
ǫ (q) different
of B∗ǫ (q) and d(x1, q) ≤ δ <
ǫ
2
, we conclude that:
Xg(t0)(z) ∈ B
∗
ǫ (x1)(7)
Taking t = t0 + s, Xg(t0+s) ∈ Bǫ(Xs(x1)), again as the flow is
injective, X[g(t0),g(t0+s)](z) can not intersect to X[0,s](F
ss(x1))∪F sǫ (x1)∪
F sǫ (Xs(x1)), so by 7:
Xg(t0+s)(z) ∈ B
∗
ǫ (Xs(x1))
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Now, since B∗ǫ (Xs(x1)), intersect V
r
ǫ (l
∗
Rσ
) but not V lǫ (l
∗
Rσ
), ǫ < ǫσ and
ǫ < γ, we have that:
Xg(t0+s)(z)) ∈ X[−TR,TR](V
r
ǫ (l
∗
σ)) ⊆ X[−Tσ,Tσ ](V
r
ǫ (l
∗
σ′))
so by 3
(0, Tσ)(Xg(t0+s)(z))) ∩ Bβσ′ (y
r
σ) 6= ∅, X(0,Tσ)(Xg(t0+s)(z))) ∩ Bβσ(y
l
σ) = ∅
(8)
Taking t = t0+ t1+ t2, Xg(t0+t1+t2)(z) ∈ Bǫ(y
l
σ), and since βσ > ǫ, by 8:
g(t0 + t1 + t2) > Tσ + g(t0 + s)
so for every r ∈ [0, Tσ] we have that g−1(r + g(t0 + s)) is well defined.
Therefore, by 8, there is T ∈ (0, Tσ], such that:
Xg(g−1(T+g(t0+s))(z) = XT+g(t0+s)(z) ∈ Bǫσ(y
r
σ),
with t0 + s < g
−1(T + g(t0 + s)) < t0 + t1 + t2, then
d(Xg(g−1(T+g(t0+s))(z), x ∗ (t0 + s+ T )) < ǫ <
βσ
4
so
d(yrσ, x ∗ (t0 + s+ T )) <
3βσ
4
we know that
x ∗ (t0 + s+ T ) ∈ O
+(l∗σ′ ∪ (σ, y
l
σ)
but by definition of (σ, yrσ), (σ, y
l
σ) and 1
(O+(l∗σ) ∪ (σ, y
l
σ)) ∩Bβσ(y
l
σ) = ∅
This is a contradiction , so Sd(Λ) is an invariant set.
Now, suppose that exists p ∈ Sd(Σ)) and q ∈ 2-Sd(Σ), such that
q ∈ F ss(p).
Let ǫ, T and δ as in the previous without consider ǫp. We take
x0 = p, since q ∈ F ss(p) then F ss(q) = F ss(p) and by Lemma 3,
q 6= {σ} for all σ ∈ Sing(X) and since F ssΛ is positively invariant and
contracting, then there is t0 > T such that d(Xt0(p), Xt0(p)) <
δ
4
,
Xt0(q) ∈ F
s
ǫ (Xt0(p)) and far enough from R.
Since that 2-Sd(Σ) is positively invariant, then Xt0(q) ∈ 2-Sd(Λ), so,
we have that in both connected component of B δ
4
(Xt0(q)) \F
s
δ
4
(Xt0(q))
there are points in Λ for which the omega limit is a singularity. Then,
we proceed equal to the first part, by choosing x1, x2, t1 and t2 and we
show that the (δ, T )-chain, {xi, ti}20, not is ǫ-traced. The result follows.

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Proof of the Main Theorem. Let be σ the unique singularity of Λ and
z ∈ Λ such that ω(z) = Λ. By theorem 1.1 in [1], Λ has a periodic
point p. Using the orbit of z we have that for every ǫ > 0 there is a
trajectory from a point ǫ-close to p to a point ǫ-close to σ, therefore
Λ satisfies the conditions of the theorem 10 in [5], so there exists
w ∈ Λ such that α(w) = α(p) and ω(p) is a singularity, and this case,
necessarily, ω(w) = {σ}.
Now, since the σ is of boundary type, reasoning as in case 2 of
Theorem 2.2 in [6], we have that there exists Σ a singular cross section
associated with σ, such that every leaf of F sΣ have a point in 2-Sd(Λ).
Suppose that exists a point in q ∈ Sd(Λ), and Λ has FPOTP, by
corollary 1 and Theorem 5, we have that Xt(q) ∈ Sd(Λ) for all t > 0.
On the other hand, we consider ω(q). If σ ∈ ω(q), then the positive
orbit of q intersect Σ, then there is T > 0 and y ∈ 2-Sd(Λ), such that
x = XT (q) ∈ F
ss(y)(9)
but it contradicts the Theorem 5, since x ∈ Sd(Λ).
Now, if σ /∈ ω(q) then ω(q) is hyperbolic set, then we take s ∈ ω(q)
and we can build a cross section Σ2, by using the W
uu(s) and the
strong stable manifold of the points in it. So, every leaf in Σ2 has a
point in 2-Sd(Λ), when the positive orbit of q accumulate s, intersect
Σ2. Therefore, we conclude again (9), and we obtain a contradiction.
Thus, if Sd(Λ) 6= ∅, then Λ does has not FPOTP.
Finally, we observe that since Λ is an attractor and σ is of boundary
type, we have that for γ > 0 small enough, the points on W lγ and W
r
γ
are side points, and therefore Λ does has not FPOTP. 
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